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Abstract 

Although the representation of the real numbers in terms of a base and a set 
of digits has a long history, new questions arise even in simple situations. This 
paper concerns binary radix systems, i.e., positional number systems with digits 
and 1. Our combinatorial approach is to construct infinitely many binary radix 
systems, each one from a single pair of binary strings. Every binary radix system 
that satisfies even a minimal set of conditions that would be expected of a positional 
number system can be constructed in this way. 

1 Introduction 

The terms positional number system, radix system, and f3- expansion that appear in the 
literature all refer to the representation of real numbers in terms of a given base or radix 
B and a given finite set D of digits. Historically the base is 10 and the digit set is 
{0, 1, 2, . . . , 9} or, in the binary case, the base is 2 and the digit set is {0, 1}. Alternative 
choices for the set of digits goes back at least to Cauchy, who suggested the use of 
negative digits in base 10, for example D = {— 4, — 3, . . . , 4, 5}. The balanced ternary 
system is a base 3 system with digit setl? = { — 1,0,1} discussed by Knuth in In the 
balanced ternary, every integer, positive or negative, has a representation of the form 
Y^n=o u n where uj n 6 { — 1,0, 1} for all n. A well known system with digit set {0, 1} 
and base equal the golden ratio (1 + Vo)/2 originated with [4]. Other early work on 
the representation of numbers using a non-integer base include those of Renyi [8] and 
Parry [7]. Positional number systems have also been extended to the representation of 
complex numbers [5] and, more generally, to the representation of points in M. d |10j . 
A vast array of additional references on positional number systems can be accessed by 
searching on the terms 'radix system' and '/3-expansion'. 

Our intention in this paper is to provide a combinatorial framework for the binary 
representation of the real numbers. By binary we mean with digit set {0, 1}. A precise 
definition of a binary radix system appears later in this section. Starting from any 
pair of infinite strings of 0's and l's that satisfy very simple combinatorial conditions 
(given in Section [2]), a binary radix system is constructed (in Section [3]). Conversely, any 
binary radix system can be obtained by this combinatorial construction (Theorem l5.1l in 
Section [5]). This leads to infinitely many binary radix systems, some of whose properties 
are investigated in this paper. 
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More specifically, our point of view is as follows. Let Cl = {0, 1}°° denote the set of 
infinite strings of the form u := ujq uj± UJ2 ■ ■ ■ , where u n G {0, 1} for all n > 0. Extend Cl 
to a set Cl' of "decimals" as follows. 

Cl' := {UJOUJI ■ ■ -UJN • LJN+lWN+2 ■■■ ■ OJo UJl, 002 ■ ■ ■ G Cl} ■ 

In fact, we will refer to elements of fl' as decimals. When no confusion arises, we omit 
an initial string of zeros before the decimal point and/or a terminal string of zeros after 
the decimal point, for example 01 • 1000 • • • = 1 • 1. A line over a finite string denotes 
infinite repetition, for example 01 = 010101 • • • . 

If uj G Cl', then lj G Cl denotes the string uj with the decimal point removed. More- 
over, if r C Cl', then T = {Q : weT}, Conversely, if V C Cl, then r* denotes the set of 
all decimals obtained from the strings in T by placing the decimal point anywhere. For 
example if 10 € T, then {. . . , •0010, •010, •10, 1 • (JT, 10 • 10, . . . } C TV 

Definition 1.1. The shift operator S : CI — > Q is defined by 

S (u> U>iU>2 ■ ■ ■ ) = UJ\ UJ2 ■ ■ ■ ■ 

Let S n denotes the n th iterate of S. A subset r C Cl will be called shift invariant if 
5 n (r) CT. A subset r C Cl' will be called shift invariant if [S n (f)]* = T for all 
n > 0. In other words, r C Cl' is shift invariant if, for any element of T, when we 
remove the decimal point, perform any number of shifts, and replace the decimal point 
anywhere, the result again lies in T. 

The lexicographic order ^ on Cl is the total order defined by a -< lj if a ^ uj and 
o-fc < ujk where k is the least index such that / uik ■ The lexicographic order on Cl can 
be extended to Cl' as follows. If 

a = o"o o\ ■ ■ ■ un • ctv+i ctv+2 • • • and 

UJ = UJq W\ ■ ■ ■ UJn • ^N+l bJ N+2 - - - 

(where some leading entries may possibly be 0's), then define a -< uj if a ^ uj and a -< lj 
in the lexicographic order on Cl. For example »1 -< 1 • because • 1 -< 1 • because 
0T -< 10. 

The three conditions in the definition below are meant to be the minimum require- 
ments that one would expect of a positional number system. Here M + denote the set of 
non- negative real numbers. 

Definition 1.2. A binary radix system is a triple (T,tt,B), where B > 1 is a real 
number called the base, r C Cl' is called the address space, and u : V — > R + is called 
the radix map. The following conditions must be satisfied: 

1. T is shift invariant, 

2. 7r is bijective and strictly increasing, and 

3. for all ljq uj\ ■ ■ ■ lj^ • dn + \ ljn+2 • • • G T we have 

N 

7r(w Wl • • • U N • LJ N+1 LJ N+2 ■ ■ ■ ) = ^ LJ N - n B n . 

n=— oo 
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Conditions 2 and 3 are clear. Example 11.31 below should make condition 1 clear. 

Example 1.3. The standard binary representation of the real numbers is an example, 
actually two examples. Let B = 2 and let T consist of all strings in Q* except those 
ending in 0111 • • • . Let -k(ujquji ■ ■ ■ uj n • ujn+i • • • ) = J2n=-oo ^N-n 2 n . Then 
(r, ir, B) is a binary radix system. Alternatively, with the same B = 2 and radix map 
ir, let r consist of all strings in 0* except those ending in 1000 • • • . Again (r, ir, B) is a 
binary radix system. Note that an address space T with base B = 2 cannot contain both 
an element that ends in 10 and an element that ends in 01. This is because, by shift 
invariance, if this were so, then both »10 and »01 must lie in T. But 7r(»10) = 7r(»01), 
contradicting that ir must be bijective. It is precisely to avoid this type of inconsistency, 
that some numbers are represented by a decimal ending in 10 and others are represented 
by a decimal ending in 01, that we require shift invariance as a condition for a binary 
radix system. 

Example 1.4. In the introduction we referred to a well known radix system (r,7r,-B), 
where B is the golden ratio (1 + \/5)/2. In this case, T consists of all strings in Q' that 
do not contain 11 or 01 as a substring. Some elements in the address space are 

0» 1« 10 • 100 • 101 * 1000* 1001 * 1010* 10000* 

The bijective map onto the positive reals is 



That ir : T — > M + is bijective and strictly increasing is a special case of general results 
in Section O 

The organization of the remainder of this paper is as follows. The notion of an 
admissible and null pair (a, 0) of strings is introduced in Section [2j The construction 
of a binary radix system from an admissible non-null pair of strings is the subject of 
Section [3l Section [5] contains a proof that every binary radix system can be obtained by 
this construction from some admissible non-null pair (a,/3). An algorithm is provided 
in Section E] whose input is a particular binary radix system and a positive real number 
x and whose output is the decimal expansion of x in that binary radix system. For 
the standard base 2 radix system there is an associated tiling of the real line, where a 
tile consists of all those points on the real line with the same integer part. This is the 
trivial tiling consisting of unit length intervals. There is an an analogous tiling for any 
binary radix system but, in general, the tiles have various lengths, and the tiling is not 
periodic. This is the subject of Section El 

2 Admissible and Null Strings 

The notation 

[a, p] := {uj € n : a * uj < /3} 

will be used for the closed interval; likewise for the open interval (a, 0] and half open 
intervals [a, f3) and {a,jS\. 
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Definition 2.1. Call a pair (a,/3) of elements of 17 admissible if a and /3 satisfy the 
following two conditions. 

1. «o = 0, a\ = 1 and /?o = 1, A = 0, 

2. S n a (a, /3] and S n /3 [a, /?) for all n > 0. 

Definition 2.2. The address spaces associated with such an admissible pair (a, /?) 
are defined by 

:={w£!!: S n w £ (a,/3] for all n > 0}, 
n (aAf) := G J) : 5 n w £ [a,/3) for all n > 0}. 

Moreover, let 

0(a,/3) := fi(a,^,_) U fi( a ,/3,+)- 
Extend the definition of address spaces &>r at p-\, Q( a ,p,+)i %a,/3) to address spaces 
fi ( aj /3,-)' fi (a,^,+)» n (a^) of decimals as follows: 



O 
(7° 
O 



G fi( a ,/3,-) : 0w X a}, 
G : Ow -< a}, 

n (a,/3-) Un («,/J,+)- 



:n°(a,A+) 
:n°(a s /?)]•. 



The reason for introducing the spaces 0° with the added condition 0ui -< a is to insure 
that the spaces are shift invariant; see Proposition 12.71 below. 

Example 2.3. If a = OT = 01 ll--- and f3 = 10 = 1000---, then (a,/3) is an 
admissible pair. The address space Q' a ^ s consists of all decimals that do not end in 
1000 . . . , and CtT a ,\ consists of all decimals that do not end in 0111 .... Notice that 
^(a p -) an d ^(o p +) ar e exactly the two address spaces for the standard binary radix 
system of Example 11.31 

Example 2.4. If a = 01 and (3 = 10, then (a, /3) is an admissible pair. Note that, 
although 110 G Q( a ,p)> the decimal 11* ^ Q' a ^. This is because 110 ^ /3) smce 
0110 >- a. Indeed, it is an easy exercise to show that oj G f2* Q ^ if and only if uj does 
not contain 11 as a substring. Notice that Qr a ,p,—) is exactly the address space of the 
golden ratio based binary radix system of Example 11.41 



Definition 2.5. A string wed will be called periodic if cj = s for some finite string 
s. A string u) G will be called eventually periodic if there is an m > such that 
S m uj is periodic. 

The fact that the address space ^ in Example 12.41 can be characterized by a 
set of "forbidden" finite substrings is not a coincidence, as explained in the proposition 
below. 
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Proposition 2.6. If an admissible pair (a, (3) is such that a and f3 are pereiodic, then 
there is a finite set T of finite strings such that 0? Q ^ is the set of uj G tt* such that s 
is not a substring of uj for any s £T. 

More instructive than giving a formal proof of the proposition is to give an example 
that makes clear how a proof woould proceed. Referring to Definition 12.11 of admissible 
pair, if a = UTTOT and = TOO, then the forbidden set is T = {111, 11011, 000}. The 
string 111 is not allowed because OIII7 >~ a for any string 7, and 11011 is not allowed 
because OIIOII7 y a for any string 7. The string 000 is not allowed because IOOO7 -< (3 
for any string 7. Because of the periodicity, no additional forbidden strings are required. 

Note that the proposition is false if, instead of periodic, the hypothesis assumes only 
eventually periodic. For example, if a = 01101 and f3 = 10, then we would have to 
forbid an infinite set 111, 11011, 1101011, 110101011, .... 

Proposition 2.7. Given an admissible pair (a, (3), the address spaces ^ _\, ^ + y 
and f2* Q ^ are shift invariant. 

Proof. The proposition follows in a straightforward way from the definition of the ad- 
dress spaces, except for one detail. Consider the case of ^ _^ (the case Q', ^ + ^ is 
similar). If uj := ujq ■ ■ ■ ujn *^n+i^n+2 • • • £ Q', a ^ then for ft* a ^ _^ to be shift invari- 
ant it is necessary that •OcjoWiu^ ■ • • € £l' a ^ _y Therefore it is necessary, not only that 
S n uj ^ (a, (3] for all n > 0, but also that Olu £ (a, [3], i.e., OtD ■< a. But this is exactly 
the condition in the defintion of SI? a v. □ 

There exist admissible pairs (a, /3) whose address spaces are exceptionally sparse in 
the following sense. For ui G Vt let ui\ n denote the initial finite segment ojqoji ■ ■ ■ u} n -i of 
length n. For reft, let T n := {7| n : 7 £ T}. Moreover |T n | denotes the cardinality of 
T n . Define the exponential growth rate h(T) of T C O by 

h(T) = limsup — In |r n |. 

n— >oo Tl 

Consider Example 12.41 If a = 01 and (3 = 10, then the corresponding address space 
^{a,p) f° r the standard binary radix system has largest possible exponential growth rate 
h(fl( a m) = ln(2) because |(^( Qj/ g))n| = 2 n . Although the address spaces of admissible 
pairs usually have positive exponential growth rate, it is possible that /i(f2( a]j g)) = 0, as 
demonstated by the following example. 

Example 2.8. The following a and f3 constitute an admissible pair: 

a = 0110 
(3 = 100T. 

First notice that a string lo £ ^(a,/3) cannot cantain either 1000 or 0111 as a substring. 
Moreover uj cannot contain either 100 s 00 or 011 1 11 as a substring, where s = 10101 • • • 1 
and t = 01010 • • • 0. In other words, w is a string of alternating 0's and l's with possibly 
one double zero or one double one, and possibly a string of zeros or a string of ones at 
the beginning. With these rigid restrictions, it is not hard to check that h(£l( a ^)) = 0. 
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Definition 2.9. If h(p,r a p\) = 0, call the pair (a,/3) null. 

For an admissible pair (a, (3) to be null is not typical. For example, if (a, f3) is an 
admissible pair for which a = 011a' and (3 = 100/3' and either a' begins wilth a 1 or 
/3' begins with a 0, then (a, j3) is non-null. This is because, in the case that a' begins 
wilth a 1 say, any string of the form 0(si) (S2) (S3) • • • G ^( a ,/3)j where (s n ) = 1 or 
(s n ) = 11 for n = 1, 2, . . . . It may be an interesting question to characterize the set of 
admissible pairs that are null. 

3 The Radix Systems R(a, ft, ±) 

In the previous section, we constructed, for every admissible pair (a, /?) of strings, two 
address spaces Q* a ^ _s and Q' a ^ + y In this section we describe how these two address 
spaces of decimals become the address spaces of two binary radix systems. 

Theorem 3.1. If(a,/3) is an admissible non-null pair, then 

1. Yl < n=o a « x11 = SnLo fin xn ^ as a so ^ u ^ on in the interval 1) of the real line, and 

2. if b denotes the minimum such solution and -B( Qi /3) = 1/6, then 
(^(a,/3-)' 7r ( Q '/ 3 )'' B ( Q '' 3 )) and (^*a,/3,+)' 7r (°>/ 9 )' B are binary radix systems, where 

N 

K(ct,p) (^0 UJi ■ ■ ■ CON • W/V+l ■ ■ ■ ) = ^N-nB^^y 

n=—oo 

In the proof of Theorem 13.11 and also in the next section, the following notion is used. 

Definition 3.2. Given an x G [0, 1), define the projection map tt x : Q — > [0, 1] by 

00 

n x (uj) := (1 - x) y^ Uk %k - 

k=0 

Note that ir x (0) = and ir x (T) = 1 for all x G [0, 1). 

Proof. (Theorem 13. ip Statement 1 is in [21 Theorem 13], a main result in that paper. 
That (a, (3) is admissible and non-null is crucial for that result. It is also proved in that 
paper that 7Tb : £l( a ,p,±) ~~ ^ [0> 1] is strictly increasing and bijective. The shift invariance 
of f2? Q p .y, which is condition 1 in Definition 11.21 is Lemma 12.71 

It now suffices to prove that K( a ,B) '■ g ±\ ~ * ^ + is strictly increasing and bijec- 
tive. We will prove it for Q' a p + y The proof for Q' a p _\ is essentially the same. Ab- 
breviate B := B( a p±\. Referring to statement 1 in the theorem, let p = J2^=o a n b n = 
Y^=Q@n b n . Assume that to G Q( ai /3 } +)- Since vr^ : £lr ai p t+ \ — > [0, 1] is strictly increasing, 
we have Ow -< a if and only if bn^u) = 717,(00;) < iTb(a) = p if and only if tt^lu) < Bp. 
Therefore 717, : £2® a p + ^ — > [0, Bp] is strictly increasing and bijective. Now let Q* N de- 
note the set of elements of fi! Q p + ^ of the form to := tOQto\t02 • • • Wjy-i • ^N^N+i '" , 
where to := to$to\t02 ■ ■ ■ G £l® a p + y The relationship between the projection map 7T& and 
the radix map ^( a ,p) is given by nr aj p\(ui) = y^tt^lo), and therefore ^t a ,p) '■ ^'n ~ * 
[ 0) B b-i P 1 * s a bijection and strictly increasing. Since the sequence C C O* C ■ ■ ■ 
of sets is nested, and since Ujv=o = +)> ^ ne P ro °f is complete. □ 
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Definition 3.3. A two radix systems (^( af ^-|-)> 7r (a, i 3)>-^(a, / 3)) cons t ruc ted from an ad- 
missible non-null pair (a,/3) as in Theorem 13.11 will be called (a, /3)-radix systems and 
denoted R(a, f3, ±). 

Example 3.4. Continuing from Example 12.31 consider the binary radix systems 
i?(01,10,±). The number 6 in Theorem 13.11 is the smallest solution to the equation 
YlnLi xU = 1' which, because the right hand side is a geometric series, reduces to 
2x = 1. So 6 = 1/2 and the base is -B( Q) /3) = 1/6 = 2. The radix map is 

oo / 1 \ " N 

7r (a,,3)( w ^1 • • • WJV • LOn+2 • • • ) = ^ ^n+N (tH = X/ w JV-n2 n . 

n=-(N) ^ ' n=-oo 

The address space O?, ^ _% consists of all decimal strings that do not end in 1000 • • • , and 
fi? p + ^ consists of all decimal strings that do not end in 0111 • • • . This example is the 
standard binary representaion of of the non- negative real numbers given in Example II .31 

Example 3.5. The two binary radix systems R(01, 10, ±) are a continuation of Exam- 
ple 12.41 m which a = 01 and f3 = 10 form an admissible non-null pair. The number b 
in Theorem 13.11 is the smallest solution to the equation Y^n=o x2n+l = 1) w hich reduces 
to x 2 + x - 1 = 0. So b = - l)/2, and the base B {afi) = 1/6 = (1 + y/E)/2 is the 
golden ratio. The radix map is 

N 

KfaP) ( w Wi • • • CON • • • • ) = WJV-n 

n=— oo 

This is the golden ratio based representation of the reals introduced in Example 11.41 

Example 3.6. Consider the (a, (3) -radix systems R(a%, /3x, ±), R(a2, P2, ±), and 
i?(a3,/?3, ±), where the admissible non- null pairs are: 

at = OlOOO a 2 = OlT a 3 = UT 
/3i = 10 = 10 /3 3 = 100. 

In all three cases the number 6 in Theorem l3.1l is the solution to the equation x 3 +x 2 — 1 = 
in the interval [0,1); approximately 6 « 0.7549. Therefore the base B( a ,p) ~ 1-3247 
and the radix maps are the same in all three cases. The three address spaces, 

however, are pairwise distinct. The address space ^\ consists of all decimals that 
do not contain the substrings 11, 101, 1001 or 10001. The address space &* a2 ^ consists 
of all decimals that do not contain the substrings 100 or 111. The address space Q° a3 ^ 
consists of all decimals that do not contain the substrings 11 or 1000. 

4 Algorithm for Determining the Address 

Given a binary radix system, the radix map assigns a non-negative real number to each 
decimal in the address space. In this section an algorithm is provided for converting in 
the opposite direction. Given a non-negative real number x, the algorithm determines 
its decimal representation in the binary radix system. More precisely, if R(a, (3, =t) = 



1 + V5 
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(^(« p ±)> n {<x,P)> B(ot,p)) an d x £ then the algorithm finds a G f2* Q ^ _^ and a; G 
fi (a !( 3,+) such that ^(a^)^) = 7 T(a )/ 8)(w) = ^. 

We begin by defining a certain family of functions and introduce notation for the 
itineraries of points for this family of functions. Given B such that 1 < B < 2 and p such 
that 1 — b < p < b where b = l/B, consider the two functions fm,p,±) '■ [0> 1] ~~ * [0) 1] 
defined by 

I if < x < p 

~\Bx + (l-B) ifx>p. 



/( 



(1) 



and 



/(B,p,+)(aO 



(2) 



J if < x < p 

[Bx + (1-B) i£x>p, 

The facts that 1 < B < 2 and 1 — b < p < b guarantee that f( a ^ : ±) have the form shown 
in Figure 1. For a function /, the n th iterate, i.e. / composed with itself n times, is 
denoted f n . 




Figure 1: The function /(b, p ,±)- 



Definition 4.1. Define the two itinerary maps T(b,p,±) '■ [0> 1] — >■ O by 



and 



if/{b lPl -)(y)<p 

1 if f( B ,p,-)(y) >p> 



^-) (y)]fc= {i if / ( C(,)>,. 

In dynamical systems terminology, 77 a)/ g \ (y) and T( a ,p,+)(y) are called the itineraries 
of the point y. 
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Algorithm 

Input: An admissible and non-null pair of strings (a,/3) and an x G M + . 

Output: The decimals representations a and u for x in the binary radix systems 
R(a, f3, — ) and R(a, f3, — ), respectively. 

1. Find the least x £ (0,1) such that X]^L ° n xU = S^=o can ^ ^- 

2. Compute p := 717, (a) = 7Tf,(/3), where 7rf, is the projection map. 

3. Find the minimum non-negative integer N such that y := 6^(1 — b)x < p. 

4. Compute T (afj/3 _) (y) = cr cri cr 2 • • • and T (a/3+) (y) =w WiW 2 --. 
4. Return 

o" = (To o"i <T2 • • • ctat • o"at + i o"at + 2 • • • , and 
O; = Wo UJl UJ2 • ' ' • wtv+i w/v+2 

Denote the output a and w of the algorithm by T( Q / g _)(x) and rr a p + -\ (x) , respectively. 
The following theorem suffices to prove the validity of the algorithm. 

Theorem 4.2. The map r^^-j.) : M + — )• Q*/ a p±\ is the inverse of TC( a ,p) : ,g ±) — ^ 
E+. 

Proof. We will prove that T/ a ^\ is the inverse of 7T(a,/3)j a similar proof holds for 
T (a,p,+)- We first show that the functions fm,p,±) are weu defined, i.e. 1 < B < 2 and 
1 — b < p < b. Clearly 1 < B < 2 because 1 > b > 1/2 as stated in Theorem 13.11 
Moreover 1 — b < p < b because 

OO oo oo 

1 - b < (1 - b) Pnb n = p = (1 - a)^ & n b n < (1 - a) ^ b n = b. 

n=0 n=0 n=l 

We next show that 7Tb o T^ B ^ p _^ is the identity on [0, 1]. If fo(x) = Bx, fi(x) = 
Bx + (1 — B), and go(x) = bx, g\(x) = bx + (1 — b), then and go are inverses, as are 
fi and g\. Expressing gi(x) = bx + i(l — b) for i = 0, 1 and iterating 

9u o g Wl o gf W2 o • • • o = 6 fc x + (6 fc_1 a; fc _i H hawi+ w )(l - 6). 

Therefore for any xo we have 

oo 

lim g U0 o g Wl o g U2 o ■ ■ ■ o g Uk (x ) = (1 - b) V] w fe b k = -K b (uj). 

fc=0 

Let Mo = [0,p] and Mi = (p, 1]. Let x G [0, 1] and TfB )P) _)(x) = (*)• It follows from the 
definition of Tm tP \ that 

Z G M wo , / Wo (x) G M Wl , / W1 o / Wo (x) G M W2 , f W2 o / Wl o / WQ G M W3 

and therefore 

a: G (Mji )> x £ g^o g Ul (M U2 ) , o Wj o £ W2 (M W3 ),.... 
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Hence (vr 6 o ? {a ^ _))(x) = lim^oo g wo o g^o g U2 o ■ ■ ■ o g Uk (x ) = x. 

To show that Tt^p—^ is the inverse of 7Tr a> p\, with notation as in the algorithm, 
abbreviating T( S)Pj _) to r, and letting t(x) = a we have 

(K(a,l3) T )(^) = 7r(a,/3)0) = 73^ ^C^O = TTTft ° = 73^ ^ ~ ^ = X ' 

It remains to show that the image of any x € R + under the map T( a> p_\ lies in 
Wr a p_y With y as defined in the algorithm, it is sufficient to show that T^g^) (y) G 
^(a /3 -)■ r - anc ^ r + denote the itineraries of the point p of the functions and 
f(B,p,+)i respectively. In [1] Theorem 5.1] it is proved that rr a ii g ) _)([0, 1]) = {w G fi : 
5™cj ^ (r_, r_|_] for all n > 0}, and in [2 Theorem 1] it is proved that a = r_ and /3 = r + . 
Therefore T(£ iP _)([0, 1]) = ^(a^-). It only remains to show that if Q = 77B )P) _)(y), then 
OlD ^ a. However, since y < p as in step 1 of the algorithm, it follows immediatly from 
the definition of the itinerary Tm,p,—)(y) °f V that Qq = 0. In particular Ou) -< a. □ 

Corollary 1. For each base B, 1 < B < 2, there exist infinitely many binary radix 
systems with base B. 

Proof. Given B, let p be any real number such that 1 — 1/B < p < 1/B, and consider 
the two functions /_ and /+ defined exactly as in Equations (fT~j) and (i2~[) . respectively. 
If a p is the itinerary of the point p for the function /_, and /3 p is the itinerary of the 
function /+, then (a p , f3 p ) is an admissible non-null pair. The proof of this fact appears 
in [U Theorem 5.2]. Therefore R(a p ,j3 p , — ) and R(a p ,f3 p , — ) are binary radix systems. 
For each B, however, there are infintely many choices for p. Each choice of p leads to a 
distinct addmissible pair (a p ,(3 p ) because, according to [9l Lemma 3.1], a p and f3 p are 
strictly increasing as functions of p. □ 

5 Every Binary Radix System is an (a, /3)-Radix System 

This section is dedicated to the proof of the following theorem. 

Theorem 5.1. For every binary radix system (T,ir,B), there is an admissible non-null 
pair (a, (3) such that either R(a, (3, — ) = (T, it, B) or R(a, f3, +) = (T, tt, B). 

Proof. Let 

a = sup {7 € T : 70 = 0}, 
/3 = inf{ 7 ef : 70 = 1}- 
It follows readily from from these definitions and the shift invariance of T that 

S n a(/{u,P) and 5 n /3^(a,/3) 

for all n > 0, which is close to, but not quite, the definition of an admissible pair. 
Condition 1 in Definition [2J] of admissible pair holds because, by the shift invariance of 
r, there are strings in To that begin with 01 and stings in T± that begin with 10. 

To show that (a, f3) is an admissible pair, it only remains to prove that there is no 
n > such that S n a = j3 and no n > such that S n (3 = a. The fact that there is no 
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element of T between a and P in the lexicographic order and that ir is increasing and 
surjective forces 7r(»a) = vr(»/3). Moreover, either »q G V or »/3 G T, but not both. We 
will assume that •« G V and ^ T; the proof in the case that «/3 G T is essentially 
the same. There is no n > such that S n a = P; otherwise the fact that a G T and 
the shift invariance of T (and hence the shift invariance of T) would imply that j3 G T, 
a contradiction. Finally assume, by way of contradiction, that there is an n > such 
that S n f3 = a. Then f3 = ta -< i/3, where t is a finite string. If there exists a 7 G Y such 
that to = -< 7 -< tp, then a = S n (ta) ~< S n j -< S n (tp) = p. But by the definition of 
a and P as sup and inf, there can be no such 7 G T. Therefore there is no such 7 with 
P -< 7 -< tp, which contradicts the definition of P as inf {7 G T : 70 = 1}- 

The claim is now that (T,tt,B) = R(a,P,—) := (P?r a p \, ^(a,/?)) -^(a,/3))- To prove 
this, and thus finish the proof, it must be shown that 



2. B = Br a and 

3. (a, /3) is not null. 

Concerning item 1, the definition of a and P implies that T C ^lt a ^—y That T is shift 
invariant further implies that T C 09 ( g_\ ) and therefore that V C _y To prove 

equality we take a somewhat circuitious route. 
Define 

r' = {^7 : 7 G r, ta, finite string of l's including the empty string}. 

For b = 1/B, the projection map 717, : V — > [0, 1] as in Definition ^. 2l is strictly increasing 
and surjective. To see this, first note that, since ir is strictly increasing on T, the map 
7T{, : r — > [0,q] is stringly increasing and surjective for some < q < 1. Moreover, 
if a; G F' \ T and 7 G T, then, by Definition 12.21 of the address spaces (recall that 
r C Q* a p \), we have O7 ^ a ~< Ouj. Therefore 7 -< u, i.e., every element of T is less 

than every element of V \ V. In addition, since O7 ^ a, we have 7^(7) < (1/6)7T;,(q) 
by the fact that ir is stringly increasing on T. And similarly, since a -< Ouj, we have 
(1/b) TTb(a) < uj. Therefore TTbil) < 7Tfe(^)- Finally, if a and uj both lie in V \ T and 
a ~< oj, we will show that iTb(o-) < 7Tf ) (a;). Let a = ii7i G T' \ T, where t\ is a string of m 
ones and 71 G T, and w = £272 G T' \ T, where £2 is a string of n > m ones and 72 G T. 
Then £72 >- 71, where t is a string of n — m ones. Therefore itbit^) >- 7r fe(7i) and hence 
7rfe(w) >- 7Tfc(cr). Thus 7Tf, is strictly increasing on V . 

To show that 7Tb : V — > [0, 1] is surjective, we express r as the union of non- 
overlapping intervals and show that the images of these intervals under tt^, leave no 
gaps. First note that the greatest element of T is Sa; the smallest element of ir \ V is 
IS a and the largest is 15a; the smallest element of lir \ (r U ir) is HS^a and the 
largest is USa; etc. However, i:i ) (lS 2 a) = Tib(Sa), and therefore 7r; ) (llS' 2 a) = 7r;,(15a), 
etc. Hence 717, : T' — > [0, 1] is surjective. 

A map t : [0, 1] — > f2 such that 717, o r is the identify is called a section of 717, : O, — > 
[0, 1]. If t([0, 1]) is shift invariant, then r is called a shift invariant section. In our case, 
the inverse of ir^ restricted to V is a shift invariant section. Call this section A mask 
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(in our case) is a partition of the interval [0, 1] into two parts Mq and Mi. Given a mask 
M = {M ,Ml}, define a function 

_ (Bx if xEM 

i{B ' M) ~ \bx + {i-b) ifxeMi. 

The itinerary map t i b,m) '■ [0) 1] — >■ £1 is defined by 

|T '«'<* " (l if f^eM, 

To continue the proof, we use [31 Theorem 4] which states the following. The itinerary 
map T(b,M) is a section of 7T&, and conversely, every shift invariant section of 7Tb is of the 
above form. Hence r = Tm,M) f° r some mask M. Because r is increasing and because 
Oct -< lu for any a,u £ fl, the mask must be of the form Mq = [0,p], Mi = (p, 1] for 
some p E (0, 1). In particular, = Tm^ p \ as in Definition 14.11 for some p E (0, 1). Let 
r_ and r + denote the itineraries Tr BjP _\(p) and TrB,p,+)(p)i respectively, of the point p. 
Then ft( T _ iT+> _) = r([0,l]) = T' C the first equality by [B Theorem 5.1]. If 

r' 7^ ^(a,^,-)) then either r_ -< a or r + >- /3. In either case there is a contradiction to 
the definition of a as a sup or f3 as an inf. Therefore V = £l(a,p,-)> which implies that 
r = 09 p _y which in turn implies that T = 0? a ^ _%. 

To prove items 2 and 3 in the list, we use a result of Parry [3 Page 373] on the 
topological entropy of a dynamical system on the unit interval, where the function is of 
the form f(B,p,±) shown in Figure 1. In particular it provides the first equaliy in 

ln(B) = fc(n (T _, T+) _)) = M%,/3,-)) = HB {a>0) ). 

This proves both that B = Bf a ^\, and also that (a, (3) is non-null since B > 1 in a 
binary radix system implies that h(Q( a ^^)) > 0. □ 



6 Radix Tilings of the Real Line 

For an element w E f2* , let cj« denote the finite substring of u to the left of the decimal 
point. 

Definition 6.1. Given a binary radix system (T,ir,B) and a finite string s, let 

T' s := {tt(uj) : uj E T and cj« = s}. 

Note that, for many values of s, the set T' s may be empty. For instance, in Example 11.41 
the set Tqh = 0. If T' s ^ 0, then the closure T s of is a closed interval which we call a 
tile. If £lp denotes the set of all finite strings, let 

T :={T S : s E n F }. 

Then T is a collection of non-overlapping intervals whose union is M + . The set T will be 
referred to as the tiling of R + for the binary radix system. For an (a, /3)-radix system, 
the corresponding tiling is denoted by Tt a ^\. The tiling for R(a,/3,—) is the same as 
for R(a, (3, —). 
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Example 6.2. For the standard binary radix system (Examples 11.31 and !3.4p . the 
tiling is the set T = {[n, n + 1] : n > 0} of unit length intervals. 

Example 6.3. For the golden ratio based radix system (Examples 11.41 [274"1 and 13. 5p . 

there are tiles of two lengths in the ratio 1 : ■ The tiling T is a well known non- 
periodic tiling of the line. If the tiles are denoted 1 and B (for their lengths), then the 
sequence of tiles in the tiling of M + , from left to right, is 

B\BB\B\BB\BB\B\BB\B\BB\ - ■ ■ . (1) 

This tiling is self-replicating in the following sense. If Jb ■ K + — > K + is the function 
/b(^) = Bx, then B(T) := {/s(T) : T € T} is also a tiling of R + , and each tile in 
B(T) is the union of tiles in T ■ Moreover, the sequence (fT~j) above can be recursively 
generated, starting from B and using the substitution rules 

B-^Bl 
1<— B. 

In other words, the tiling is recursively generated as follows: 

B-> fll -> BIB -»• B1BB1 -> BIBBIBIB 

Definition 6.4. With notation as in the example above, call a tiling T self-replicating 
if each tile in B(T) is the union of tiles in T ■ 

Theorem 6.5. Let (a, (3) be an admissible pair. 

1. The tiling T[ a ,p) is self-replicating. 

2. If a and (5 are eventually periodic, then there are at most finitely many lengths of 
tiles in the tiling l~( a ,p) ■ 

Proof. Let (T,ir,B) be the binary radix system. Concerning statement 1, consider the 
set X = {x±,X2, • • • } of right endpoints of the tiles in Ti a> py It suffices to prove that 
Bx n G X for all n > 1. For any n > 1, the string Tt a ^\{x n ) must be of the form 
a = sao«i • • • a^v • aw+i • • ■ for some finite string s and some iV > 0. This is because, 
if a' = sf3o(3i ■ ■ ■ (3n • Pn+i • • • , then vr(cr) = vr(cr') is the endpoint of two consecutive 
intervals in Tr a m- By the shift invariance of the address space, to := sa^oti ■ ■ ■ ajvajv+i • 
oin+2 ■ ■ ■ also lies in p \ and and hence, uj being of the above form, n^ a ^(oj) also 
lies in X. Moreover Bx n = BTT( a ^\(a) = nr a m(oj) € X. 

Concerning statement 2, from the form of the decimal representation of the endpoints 
of the intervals of the tiling (as discussed above) , the lengths of the tiles are of the form 
7r (a,i3){'S rn O!) — nr a m(»S n l3) for some n, m > 0. Since a and j3 are eventually periodic, 
there are at most finitely many shifted strings S m a and S n (3. □ 

Example 6.6. This is a continuation of Example 13.61 in which three distinct (a, /?)- 
radix systems have the same base B. The three associated self-replicating tilings are 
also distinct. From the self-replicating property, it is routine to find, in each of the three 
cases, substitution rules for the tiling. 
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Referring to the notation in Example 13.61 for the tiling 7( aii/ g 1 ) there are five tile 
types To, Ti, T2, T3, T4, T5 of relative lengths 1, B, B 2 ,B 3 , B , respectively. To simplify 
notation we refer to tile Tj as simply i. Then the substitution rules are: 

<- 1 1 2 2^3 3^4 4 ^ 40, 

and the tiling begins, from left to right: 

401234404014012401234 0123440123440.... 

For the tiling T( a2 ,p 2 ) there are 4 tile types To, Tl, T2, T3, T4 of relative lengths 
1,B,B 2 ,B 3 ,B 6 = (B + l) 2 , respectively. The substitution rules are: 

0^1 1^-2 2 <- 10 3 ^ 32, 

and the tiling begins, from left to right: 

321021102211010221211 0102.... 

For the tiling Ti az ^ 3 \ there are 4 tile types To, T\, T2, T3, T4 of relative lengths 
1, £?, B 2 ,B 3 , 1 + B + B 2 , respectively. The substitution rules are: 

0<-l 1^-2 2^01 3<-31, 

and the tiling begins, from left to right: 

312011220101121220120 10112.... 

All three of the above tilings are self-replicating under expansion by the factor B 
that is the real root of the equation B 3 — B — 1 = 0. 
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